A fiber Bragg grating (FBG) accelerometer using transverse forces is more sensitive than one using axial forces with the same mass of the inertial object, because a barely stretched FBG fixed at its two ends is much more sensitive to transverse forces than axial ones. The spring-mass theory, with the assumption that the axial force changes little during the vibration, cannot accurately predict its sensitivity and resonant frequency in the gravitational direction because the assumption does not hold due to the fact that the FBG is barely prestretched. It was modified but still required experimental verification due to the limitations in the original experiments, such as the (1) friction between the inertial object and shell; (2) errors involved in estimating the time-domain records; (3) limited data; and (4) large interval ∼5 Hz between the tested frequencies in the frequency-response experiments. The experiments presented here have verified the modified theory by overcoming those limitations. On the frequency responses, it is observed that the optimal condition for simultaneously achieving high sensitivity and resonant frequency is at the infinitesimal prestretch. On the sensitivity at the same frequency, the experimental sensitivities of the FBG accelerometer with a 5.71 gram inertial object at 6 Hz (1.29, 1.19, 0.88, 0.64, and 0.31 nm∕g at the 0.03, 0.69, 1.41, 1.93, and 3.16 nm prestretches, respectively) agree with the static sensitivities predicted (1.25, 1.14, 0.83, 0.61, and 0.29 nm∕g, correspondingly). On the resonant frequency, (1) its assumption that the resonant frequencies in the forced and free vibrations are similar is experimentally verified; (2) its dependence on the distance between the FBG's fixed ends is examined, showing it to be independent; (3) the predictions of the spring-mass theory and modified theory are compared with the experimental results, showing that the modified theory predicts more accurately. The modified theory can be used more confidently in guiding its design by predicting its static sensitivity and resonant frequency, and may have applications in other fields for the scenario where the spring-mass theory fails.
Introduction
Fiber Bragg grating (FBG) sensors have inherent advantages over electronics sensors, such as frequency modulation, ease of multiplexing, strong immunity to electromagnetic interference, and nonconductivity. FBG sensors have been an emerging substitute for electrical ones in structural health monitoring [1, 2] . They are also suitable for tough environment applications where strong electromagnetic interference exists [3, 4] or at cryogenic temperature [5, 6] .
Accelerometers can measure the amplitude and frequency of a vibration, which is important in many fields [7, 8] . FBG accelerometers are based on the principle that an inertial object applies forces to change the strain of an FBG according to accelerations [9] [10] [11] [12] [13] [14] [15] [16] [17] . At first, an FBG was bonded completely to a material, and the forces exerted by the inertial object were used to change the length of the material [9, 10] . When the length of the material changes, the strain of the FBG changes. However, this completebonding method cannot make full use of the forces to change the strain of the FBG. For achieving high sensitivity, the inertial object has to be massive, and the size of the accelerometer is inevitably cumbersome. To fully use the forces, the inertial object is directly attached at the middle of an FBG fixed at its two ends [11, 15, 17] . An FBG accelerometer using transverse forces is more sensitive than one using axial forces with the same mass of the inertial object, because a barely stretched FBG is much more sensitive to transverse forces than axial forces [18] .
The spring-mass theory is commonly used to guide the design of an accelerometer by predicting its sensitivity and resonant frequency [7, 8] . The sensitivity of an accelerometer changes when it is forced to vibrate at different frequencies. This is unfavorable but inevitable. During a certain frequency range, the change of the sensitivity is small enough for certain applications so that it can be viewed as constant. This rather constant frequency range is determined by the resonant frequency of the accelerometer. It can be calculated that the sensitivity changes less than 5%, 10%, and 30%, when the vibration frequency is no greater than 21.82178%, 30.15113%, and 48.03844% of the resonant frequency, respectively [17] . The higher the resonant frequency, the wider the rather constant-frequency range.
However, in the gravitational direction, the springmass theory cannot accurately predict the sensitivity and resonant frequency of an FBG accelerometer using transverse forces [17] . The predicted static sensitivities were 3.530 and 2.090 nm∕g for the FBG accelerometers with 5.29 and 2.83 gram inertial objects, respectively, while the corresponding experimental results at 10 Hz were 1.333 and 0.634 nm∕g (g 9.8 m∕s 2 ). The predicted resonant frequencies for them were 15.65 and 17.97 Hz, respectively, while their experimental results were both around 25 Hz. The spring-mass theory failed to explain the experimental results. This is because the assumption that the axial force changes little did not hold, due to the fact that the FBGs of the accelerometers were barely prestretched for achieving high sensitivity. An FBG accelerometer using transverse forces is made by first barely prestretching the FBG fixed at its two ends. Then an inertial object is placed at the middle of the FBG. Because the prestretch is little, at equilibrium, the stretch induced by the weight of the inertial object is much larger than the prestretch. By assuming that the prestretch is negligible and the acceleration is 0.4 g in the gravitational direction, the change of the axial force during the vibration is up to 40% of the axial force at equilibrium; thus it cannot be neglected.
The spring-mass theory was modified to explain the experimental results [17] . On the static sensitivity, it was modified by considering the forces, instead of the displacements, corresponding to the accelerations. The static sensitivities predicted by the modified theory were 1.188 nm∕g for 5.29 gram one (the FBG accelerometer with the 5.29 gram inertial object) and 0.784 nm∕g for the 2.83 gram one. They agreed with the experimental results better than those predicted by the spring-mass theory.
On the resonant frequency, it was modified by using an experimentally achieved linear relationship. It was found in the experiments that the resonant frequency predicted by the spring-mass theory (RFPSMT) had a certain relationship with the experimental one. The percentage error of the experimental one to RFPSMT changed linearly with the ratio of the stretch induced by the weight of the inertial object to the total stretch. New predictions were made based on this linear relationship, 26.81 Hz for the 5.29 gram one and 29.04 Hz for the 2.83 gram one. They agreed with the experimental results better than the predictions of the spring-mass theory.
However, the modified theory required additional experimental verifications, due to the limitations in the original experiments, such as the (1) friction between the inertial object and shell; (2) errors involved in estimating the crest to trough shifts from the time domain records of the FBG and piezo accelerometers; (3) limited data on the sensitivity by using fixed prestretches and on the resonant frequency by using only a single distance of 100 mm between the FBG's fixed ends; and (4) large interval ∼5 Hz between the tested frequencies in the frequency response experiments.
This paper aims to verify the modified theory by overcoming those limitations. Specifically designed equipment is used to provide more data on the sensitivity with adjustable prestretches and on the resonant frequency with two other distances of 50 and 24 mm. The original friction between the inertial object and shell is eliminated by removing the shell.
For verifying the modified theory on the sensitivity, the errors in the estimation are overcome by converting the time-domain records of the FBG and piezo accelerometers to the frequency-domain spectra by fast Fourier transform (FFT). The amplitudes in the FFT spectra are read with less than 1% error by zooming in. The ∼5 Hz interval between the tested frequencies [17] is reduced to ∼3 Hz here. On the frequency responses, it is observed that the optimal condition for simultaneously achieving high sensitivity and resonant frequency is at the infinitesimal prestretch. On the sensitivity at the same frequency, the experimental sensitivities at 6 Hz agree with the predicted static sensitivities.
For verifying the modified theory on the resonant frequency, first the assumption of the modified theory that the resonant frequencies in the forced and free vibrations are similar is experimentally verified. The resonant frequencies in the forced vibrations are achieved by the frequency responses of the sensitivities, in which the shaker forces the accelerometers to vibrate at certain frequencies. The resonant frequencies in the free vibration are achieved by the knock-excitation method [17] , in which the accelerometers are free to vibrate at any frequency. The agreement between them verifies the assumption. The assumption was tested but not verified in the original experiments. Due to the friction, the resonant frequency of the 5.29 gram one in the free vibration was not consistent and could not be obtained. So the comparison between them could not be carried out to verify the assumption. Second, its dependence on the distance between the FBG's fixed ends is tested. The linear relationship between the percentage error and the stretch ratio, achieved previously from the 100 mm distance, is similar with those achieved here from the 50 and 24 mm distances. It shows that the distance hardly influences the divergence of the resonant frequency from the RFPSMT, and the modified theory is independent of the distance. Finally, the predictions of the spring-mass theory and modified theory are compared with the resonant frequencies obtained from the frequency responses of the 5.71 gram one at the five different prestretches, showing that the modified theory predicts more accurately. Figure 1 shows the experimental setup. Specifically designed equipment with two gaps was manufactured. The distances between the gaps can be varied by rotating the bolt at the further left to move the left side block axially. Two FBGs were fixed across the gaps, and the gaps were 50 and 24 mm prior to the FBGs being stretched. This equipment was fixed on the top of a shaker by two bolts, and a calibrated PCB 393B piezo accelerometer (sensitivity 10 V∕g, measurement range 0.5 g, and sampling frequency 1000 Hz) was fixed on its top. The FBGs were prestretched by rotating the bolt at the further left, and then inertial objects were hung at the middle of the FBGs.
Experiments and Discussion
The FBGs were manufactured on bending insensitive fibers (Silibend G.657.B, Silitec Fibers Ltd.) by using phase masks and hydrogen loading, ∼10 mm in length, ∼0.2 nm of 3 dB bandwidth, and ∼90% of reflectivity. The free-state wavelength of the FBG fixed across the 50 mm gap was 1530.07 nm, and that across the 24 mm gap 1540.28 nm. The ends of FBGs were fixed by epoxy adhesive (Permatex PermaPoxy 5 Minute General Purpose Epoxy). A wavelength interrogator (SM130, Micronoptics Ltd.) working at 1000 Hz with a repeatability of 1 pm was used. Sine waves were generated by an EZ digital FG-7002C sweep/function generator, amplified by a Crown CE2000 Amplifier, and fed to the shaker (VG 100-4, Aurora, Ohio. 44202).
A. Experiments on the Sensitivity
In Fig. 1 , after the two FBGs were prestretched by rotating the bolt at the further left, the 5.71 and 3 gram inertial objects were hung at the middle of the FBGs across the 50 and 24 mm gaps, respectively.
Sensitivity at Different Frequencies
The frequency responses of their sensitivities, being their sensitivities at different frequencies, were tested by varying the amplitude and frequency of the vibration of the shaker. The vibration frequency of the shaker was started at about 1 Hz and changed about 3 Hz each time. At every tested frequency, the vibration amplitude of the shaker was first changed randomly to differ from that of the last tested frequency, and then the amplitude was maintained for about 30 s before moving to the next frequency. 10 s records at every tested frequency were extracted to carry out the FFT. Figure 2 shows the time domain records of the FBG and piezo accelerometers at the different frequencies when the FBG across the 50 mm gap was 0.36 nm prestretched and that across the 24 mm gap was 0.16 nm prestretched, and the FFT spectra of their 10 s extracted records at 1.1 and 2.8 Hz. The prestretches are in terms of the resonant wavelength shift and were noted down manually. After the 5.71 gram inertial object was hung, the resonant wavelength of the FBG across the 50 mm gap was 1531.12 nm at equilibrium. After the 3 gram inertial object was hung, the resonant wavelength of the FBG across the 24 mm gap was 1540.90 nm at equilibrium. Then data were automatically recorded at 1000 Hz and shown in Fig. 2 . The FFT spectra of the two FBG accelerometers at 1.1 and 2.8 Hz show that the amplitudes of some frequencies other than the input ones were large. These frequencies were the high-order harmonics of the input frequency around their resonant frequencies. The sensitivity at a tested frequency was calculated by only considering the amplitude of the input frequency. By zooming in, the data were read with less than 1% error from the FFT spectra. The sensitivity of the FBG accelerometer at every tested frequency was calculated based on the data from the FFT spectra by dividing the wavelength shift by the corresponding acceleration observed by the piezo accelerometer and then multiplying the results by 2 to get the crest to trough sensitivity. For example, the wavelength shift of the FBG accelerometer with the 50 mm gap was 0.00487 nm at 1.1 Hz, and the corresponding acceleration was 0.00705 g. So its sensitivity at 1.1 Hz is 0.00487∕0.00705 2 1.38 nm∕g. Table 1 shows the data read from the spectra and sensitivities calculated. In general, their sensitivities increased as the input frequency increased until reaching their resonant frequencies, showing the typical frequencyresponse shape of an accelerometer [17] . Figure 3 shows the records of their frequency responses when the FBG across the 50 mm gap was 0.69, 1.11, 1.96, and 3.22 nm prestretched and the FBG across the 24 mm gap 0.77, 1.54, and 2.73 nm prestretched. The FBG across the 24 mm gap was broken when the FBG across the 50 mm gap was 3.22 nm prestretched. The sensitivity at every prestretch and frequency was calculated as above.
Based on the sensitivities at the different frequencies and prestretches achieved from Figs. 2 and 3 , the overall frequency responses at those different prestretches were achieved. Figure 4 shows that when the prestretch of the FBG across the 50 mm gap was increased from 0.36 to 1.11 nm, both its sensitivity and resonant frequency reduced slightly. When the prestretch was further increased from 1.11 to 3.22 nm, its sensitivity reduced dramatically, although its resonant frequency started to increase evidently. Figure 5 shows the similar results from the 24 mm gap.
This shows that the optimal condition for simultaneously achieving high sensitivity and resonant frequency is that the prestretch is infinitesimal. Although the resonant frequency at a very large prestretch can exceed that at the infinitesimal prestretch, it is not favorable as the sensitivity was significantly lower.
Sensitivity at the Same Frequency
For comparing with the static sensitivity predicted by the modified theory, the FBG accelerometer with the 5.71 gram inertial object across the 50 mm gap was tested again at 6 Hz at different accelerations at the 0.03, 0.69, 1.41, 1.93, and 3.16 nm prestretches. The vibration frequency of the shaker was fixed at 6 Hz, but the vibration amplitude was increased randomly to provide different accelerations, and every amplitude was maintained for about 30 s. Figure 6 shows the records of the test. 10 s records at every tested amplitude and prestretch were extracted to carry out the FFT. The wavelength shift found from the FFT spectrum was multiplied by 2 to find the crest to trough wavelength shift, which is plotted against the acceleration observed by the piezo accelerometer, as shown in Fig. 7 . Their trend lines going through the origin are added, and their slopes represent the sensitivities at the different prestretches. The sensitivities achieved at 6 Hz were 1.29, 1.19, 0.88, 0.64, and 0.31 nm∕g at the 0.03, 0.69, 1.41, 1.93, and 3.16 nm prestretches, respectively.
By converting the accelerations of the tested points to the wavelengths based on the slopes, the maximum errors between the converted wavelengths and the observed ones are 0.92%, 1.24%, 1.03%, 1.66%, and 2.49%, respectively. By converting the observed wavelengths to the accelerations based on the slopes, the maximum errors between the converted accelerations and the observed ones are 0.0012, 0.0016, 0.0016, 0.0017, and 0.0032 g, respectively.
The sensitivity reduced as the prestretch increased, [17, 18] , as shown in Fig. 8 . The polynomial curve fitting equations are chosen among the linear, power, and exponential curvefitting equations, as their R 2 values are close to 1. By using a curve-fitting equation with R 2 value close to 1, the systematic errors can be reduced to the minimum, because the equation can relate the force to the wavelength shift most accurately. Based on these equations, the wavelength shifts of the FBG with a 5.71 gram inertial object placed at its middle at these prestretches under accelerations between 0.4 g are simulated [17] , as shown in Fig. 9 . These theoretical static sensitivities (1.25, 1.14, 0.83, 0.61, and 0.29 nm∕g at the 0.03, 0.69, 1.41, 1.93, and 3.16 nm prestretches, respectively) agree with the experimental sensitivities achieved at 6 Hz (1.29, 1.19, 0.88, 0.64, and 0.31 nm∕g). The percentage errors are 3.20%, 4.39%, 6.02%, 4.92%, and 6.90%, respectively. Therefore, the modified theory on the sensitivity has been verified.
B. Experiments on the Resonant Frequency
The modified theory on the resonant frequency is verified by using the knock-excitation method used with the 100 mm distance [17] for the FBGs across the 50 and 24 mm gaps. Because the FBG across the 24 mm gap was broken, it was replaced by another similar FBG with free-state wavelength 1540.71 nm. After the FBG was prestretched, an inertial object was hung at the middle of the FBG, and the surface of the shaker was knocked once or twice. Throughout these knock-excitation experiments, the shaker was turned off, only serving as a table supporting the equipment.
Verification of the Assumption
The assumption of the modified theory that the resonant frequencies in the forced and free vibrations are similar is experimentally verified. Tables 2 and 3 show the comparisons between the resonant frequencies achieved by the frequency responses in Figs. 4 and 5 and those achieved by the knock-excitation experiments. The maximum difference is less 3 Hz. They agree with each other because the frequency interval in the frequency response experiments was about 3 Hz.
2. Similar Linear Relationships at Distances of 100, 50, and 24 mm Figure 10 shows the records of the FBG across the 50 mm gap at 0.35 nm prestretches under the five inertial objects shown in Fig. 1 the total stretch was 1530.60-1530.07 0.53 nm. The stretch ratio is 0.18∕0.53 33.96%. After it became stable, the surface was knocked once. Then the 1.46 gram inertial object was removed, and the resonant wavelength went back to 1530.42 nm. This process was repeated for another four inertial objects weighted at 3.00, 3.49, 5.71, and 9.33 gram from the lightest to the heaviest. Figure 11 shows the five 1 s data extracted from the records in Fig. 10 for the five inertial objects and their FFT spectra. The resonant frequencies are read from the FFT spectra to the second decimal. The corresponding RFPSMTs are calculated by using the spring-mass theory, regardless of whether or not the assumption holds. The axial force at equilibrium F e is first calculated by using its experimental relationship with the wavelength shift Δλ, Δλ 1.33F e [18] . Then the RFPSMT is found as f 0 F e ∕mL p ∕π, where m is the mass of the inertial object, and L is the distance between the FBG's fixed ends [18] . The percentage error of the experimental resonant frequency compared to the corresponding RFPSMT is calculated. For the 0.35 nm prestretch and 1.46 gram inertial object, the experimental resonant frequency is 31.25 Hz found from the FFT spectrum in Fig. 11 . The axial force at equilibrium is 0.53∕1.33 0.3985 N, and its RFPSMT is 0.3985∕0.00146 0.05 p ∕3.1416 23.5 Hz. The This process was repeated for different prestretches of the two FBGs, and Fig. 12 shows the relationships achieved here at the distances of 50 and 24 mm and previously at the distance of 100 mm [17] . The relationships achieved at the three different distances are similar. The slopes for the distances of 24, 50, and 100 mm are 0.7798, 0.8507, and 0.7395, respectively. The slope only fluctuated a little with the change of the distance. It shows that the distance hardly influences the divergence of the resonant frequency from the RFPSMT, whereas the modified theory is independent of the distance.
Predictability of the Modified Theory
The modified theory can predict the resonant frequency based on the linear relationship and the RFPSMT. Once the stretch ratio is know, the percentage error can be found based on the linear relationship (the percentage error 0.7395 the stretch ratio) [17] . The resonant frequency can be found based on the percentage error and the RFPSMT [17] . For example, for the FBG accelerometer with the 5.71 gram inertial object at 0.36 nm prestretch, its resonant frequency experimentally found by the frequency responses was 26.1 Hz, as shown in Table 1 . Its resonant frequency predicted by the modified theory can be calculated as below. The total stretch was 1.05 nm, and the stretch induced by the weight of the inertial object was 1.05-0.36 0.69 nm. So the stretch ratio was 0.69∕1.05 0.6571, and the percentage error was 0.7395 0.6571 0.4859. Table 4 , the predictions of the spring-mass theory and modified theory are compared with the resonant frequencies obtained from the frequency responses of the 5.71 gram one in Fig. 4 . The maximum and average errors of the spring-mass theory are 35.86% and 18.26%, while those of the modified theory 6.13% and 3.59%. It shows that the modified theory predicts more accurately than the spring-mass theory does.
Conclusion
We have verified and enriched the modified theory. Although the modified theory was proposed in [17] , many related things were still unclear. (1) The optimal condition for simultaneously achieving high sensitivity and resonant frequency was unclear, although it was known that the optimal condition for achieving the highest sensitivity is at the infinitesimal prestretch of the FBG, and that, as the prestretch increases, the resonant frequency first decreases and then increases. It was uncertain whether the infinitesimal or large prestretch was the optimal condition for simultaneously achieving high sensitivity and resonant frequency. The resonant frequency at large prestretch is higher than that at the infinitesimal prestretch, but how severe the sensitivity at the large prestretch reduces was unknown. Here, it is found that the sensitivity at the large prestretch is too low for it to be the optimal, and therefore the infinitesimal prestretch is the optimal condition. (2) Its accuracy in predicting the static sensitivity was unclear. The sensitivities experimentally achieved at 10 Hz were 1.333 and 0.634 nm∕g, while the corresponding static sensitivities predicted by the modified theory were 1.188 and 0.784 nm∕g, and the percentage errors were 12.21% and 19.13%, respectively [17] . Here, the percentage errors for the five cases presented are 3.20%, 4.39%, 6.02%, 4.92%, and 6.90%, respectively. This shows that it is quite accurate. (3) The assumption that the resonant frequency in the forced vibration is close to that in the free vibration could not be verified due to the friction. Here we have verified it by removing the shell to eliminate the friction. (4) It was unknown that how the distance between the fixed ends of the FBG influences the divergence of the resonant frequency from the RFPSMT. Here it is found that the distance does not have evident influence.
The modified theory is important because it applies a novel approach for the scenario where the spring-mass theory fails due to the fact that the force at equilibrium changes too much to be viewed as constant. Apart from its applications in FBG accelerometers, it may have applications in other fields, as the phenomenon of resonance appears almost everywhere in life, i.e., the resonant frequencies of a bridge, skyscraper, airplane, and eardrum. When the spring-mass theory fails, the modified method may provide some insights.
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